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The author proves some general results on integral representations for set-valued ad-
ditive operators, generalizing the classical Dunford-Pettis theorem for single-valued
operators. Notations: (Ω,Σ, µ) is a measure space with µ ≥ 0 and finite; X is a sep-
arable Banach space; Pf [Pfc, Pwkc, H, resp.] denotes the collection of closed [closed
convex, convex weakly compact, closed convex weakly locally compact containing no
straight line, resp.] nonempty sets in X; σA(·) denotes the support function of A ⊂X;
a sequence {An}∞n=1 in Pf is said to converge to A⊂ Pf in the Kuratowski-Mosco sense
(An
KM−→A) if A= lim infn→∞An = w− lim supn→∞ An (w the weak topology).
We cite the main results. Theorem 3.1: Suppose that X is reflexive, T :L1X → Pfc is
additive, positively homogeneous and lower semicontinuous (l.s.c.) such that T (f) ⊂∫
Ω
‖f(ω)‖W (ω) dµ(ω) for all f ∈ L1X , where W : Ω→ Pwkc is integrably bounded. Then
there exists F : Ω×X → Pwkc with the properties (a) F (·, x) is integrably bounded for
all x ∈ X and (b) F (ω, ·) is l.s.c. from X into (X,w) for all w ∈ Ω, F (ω, 0) = {0} and
F (ω, f(ω)) ⊂ ‖f(ω)‖W (ω) µ-a.e. for all f ∈ L1X , such that T (f) =
∫
Ω
F (ω, f(ω)) dµ(ω)
for all f ∈ L1X . Theorem 3.2: Let T :L1(Ω)→ Pfc be additive and homogeneous such that
T (f)⊂ ‖f‖L1Q for all f ∈ L1 with Q bounded, Q ∈H, and f 7→ σT (f)(x∗) is continuous
for all x∗ ∈ X∗. Then there exists a scalarly integrable F : Ω→ H such that T (f) =
cl
∫
Ω
f(ω)F (ω) dµ(ω) for all f ∈ L1(Ω), where clA denotes the closure of A. Theorem
3.3: Suppose that X∗ is separable. Let T :L∞(Ω)→ Pfc be an additive homogeneous
operator having the properties: (1) for every ε > 0, there exists Ωε ⊂ Ω with µ(ΩrΩε)<
ε such that T (f)⊂ ‖f‖L1Qε with Qε ∈ Pwkc for all f ∈ L∞(Ω) with supp(f)⊂ Ωε, and
f 7→ σT (f)(x∗) is continuous on L∞(Ωε) for all x∗ ∈ X∗, (2) w− lim infn→∞ T (fn) =
T (f) whenever fn → f weakly in L1. Then there exists a scalarly integrable F : Ω→
Pwkc such that T (f) = cl
∫
Ω
f(ω)F (ω) dµ(ω) for all f ∈ L∞(Ω). Theorem 3.4: Suppose
that µ is nonatomic, X is reflexive. Let T :L∞(Ω)→ Pfc be an additive homogeneous
operator such that T (χA) ⊂ µ(A)Q for all A ∈ Σ, where Q is a closed, bounded set,
and f → T (f) is continuous on L∞ for the KM-convergence in X. Then there exists an
integrably bounded F : Ω→ Pfc such that T (f) =
∫
Ω
f(ω)F (ω) dµ(ω) for all f ∈ L∞(Ω).
The author also gives a new result, providing a condition for the set S1F of integrable
selections of F to be weakly compact. Theorem 4.2: Suppose that F : Ω→ Pf is integrably
bounded. Then: (a) if F (ω) ∈ Pwkc µ-a.e. then S1F is weakly compact in L1X ; (b) the
converse to (a) holds under the additional conditions that µ is nonatomic and X∗ is
separable. Phan Va˘n Chuong
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